Abstract. Conventionally, bright solitary wave solutions can be obtained in self-focusing nonlinear Schrödinger equations with attractive self-interaction. However, when selfinteraction becomes repulsive, it seems impossible to have bright solitary wave solution. Here we show that there exists symbiotic bright solitary wave solution of coupled nonlinear Schrödinger equations with repulsive self-interaction but strongly attractive interspecies interaction. For such coupled nonlinear Schrödinger equations in two and three dimensional domains, we prove the existence of least energy solutions and study the location and configuration of symbiotic bright solitons. We use Nehari's manifold to construct least energy solutions and derive their asymptotic behaviors by some techniques of singular perturbation problems.
Introduction
In this paper, we study symbiotic bright solitary wave solutions of two-component system of time-dependent nonlinear Schrödinger equations called Gross-Pitaevskii equations given by i ∂ t ψ 1 = − 2 2m ∆ψ 1 +Ṽ 1 (x)ψ 1 + U 11 |ψ 1 | 2 ψ 1 + U 12 |ψ 2 | 2 ψ 1 , i ∂ t ψ 2 = − 2 2m ∆ψ 2 +Ṽ 2 (x)ψ 2 + U 22 |ψ 2 | 2 ψ 2 + U 12 |ψ 1 | 2 ψ 2 , x ∈ Ω, t > 0. (1.1) which models a binary mixture of Bose-Einstein condensates with two different hyperfine states called a double condensate. Here Ω ⊆ R N (N ≤ 3) is the domain for condensate dwelling, ψ j 's are corresponding condensate wave functions, is the Planck constant divided by 2π and m is atom mass. The constants U jj ∼ a jj , j = 1,2, and U 12 ∼ a 12 , where a jj is the intraspecies scattering length of the j-th hyperfine state and a 12 is the interspecies scattering length. Besides,Ṽ j is the trapping potential for the j-th hyperfine state. In physics, the usual trapping potential is given bỹ
for x = (x 1 , · · · , x N ) ∈ Ω, j = 1, 2 , whereã j,k ≥ 0 is the associated axial frequency, andz j = (z j,1 , · · · ,z j,N ) is the center of the trapping potentialṼ j .
When the constant U jj is negative and large enough, self-interaction of the j-th hyperfine state is strongly attractive and the associated condensate tends to increase its density at the centre of the trap potential in order to lower the interaction energy (cf. [32] ). This may result in spikes and bright solitons which can be observed experimentally in three dimensional domain (cf. [8] ). Conversely, when the constant U jj becomes positive, self-interaction on the j-th hyperfine state turns into repulsion which cannot support the existence of bright solitons. To create bright solitons while each self-repulsive state cannot support a soliton by itself, the interspecies attraction may open a way to make two-component solitons called symbiotic bright solitons. Recently, symbiotic bright solitons in only one dimensional domain have been investigated as the interspecies scattering length a 12 is negative and sufficiently large (cf. [28] ). However, in two and three dimensional domains, the existence of symbiotic bright solitons has not yet been proved. In this paper, we want to show the existence of such solitons by studying the least energy solutions of two-component system of nonlinear Schrödinger equations.
To obtain symbiotic bright solitons in a double condensate, we may set ψ 1 (x, t) = u(x) e iλ 1 t , ψ 2 (x, t) = v(x) e iλ 2 t and use Feshbach resonance to let U jj 's,λ j 's andã j,k 's be very large quantities. By rescaling and some simple assumptions, the system (1.1) with very large U jj 's,λ j 's andã j,k 's is equivalent to the following singularly perturbed problem:
where u and v are corresponding condensate amplitudes, ε > 0 is a small parameter, and β ∼ −a 12 = 0 is a coupling constant. Here we may use the zero Dirichlet boundary condition which may come from [13] . To study symbiotic bright solitons of double condensates, we consider two cases of the domain Ω. One is to set Ω as the entire space R N (N ≤ 3). The other is to set Ω as a bounded smooth domain in R N . The constants µ j ∼ −U jj ≤ 0 , j = 1, 2 , give repulsive self-interaction, and β ∼ −a 12 > 0 means attractive interaction of solutions u and v. Moreover, V j > 0 , j = 1, 2 are the associated trapping potentials.
Another motivation of studying the problem (1.2) may come from the formation of bright solitons in a mixture of a degenerate Fermi gas with a Bose-Einstein condensate in the presence of a sufficiently attractive boson-fermion interaction. Recently, there have been successful observations and associated experimental and theoretical studies of mixtures of a degenerate Fermi gas and a Bose-Einstein condensate (cf. [10] , [24] and [25] ). Recently, the corresponding model has been given by
3) where N B and N F are the numbers, m B and m F are the mass of bosons and fermions, V B and V F are trap potentials, ϕ B and ϕ F j 's are wave functions of Bose-Einstein condensate and individual fermions, respectively. When the constant g B is positive i.e. repulsive self-interaction, and the constant g BF is negative and large enough enough i.e. strongly attractive interspecies interaction, bright solitons may appear in such a system. Using the system (1.3) (cf. [17] ), a novel scheme to realize bright solitons in one-dimensional atomic quantum gases (i.e. the domain Ω is one dimensional) can be found. Here we want to study bright solitons in two and three-dimensional atomic quantum gases i.e. the domain Ω is of two and three dimensional. As for the problem (1.2), we may set
(Ω). Actually, it is easy to generalize our results to the problem (1.5) for m ∈ N. In the case of Ω = R N , N = 2, 3, the least energy solution is also called ground state. In our previous papers [20] , [21] and [22] , we studied the existence and asymptotics of least energy solutions when µ 1 and µ 2 are positive constants. Hereafter, we study the case that both µ 1 and µ 2 are non-positive constants.
As
for any (u, v) satisfying the problem (1.2) and hence u, v ≡ 0. To get nontrivial solutions of the problem (1.2), the assumption β > √ µ 1 µ 2 is necessary. So throughout the paper, we assume that
To study least energy solutions, we define a Nehari manifold
(1.9) Note that here, unlike [20] - [22] , the Nehari manifold N(ε, Ω, V 1 , V 2 ) has only one constraint. On such a manifold, we consider the minimization problem given by 
For such a problem, we have Theorem 1.1. Assume that (1.8) holds. Then c 1,R N ,λ 1 ,λ 2 is attained and hence the problem (1.11) admits a ground state solution which is radially symmetric and strictly decreasing. Now we consider the existence of ground state solutions for nonconstant trapping potentials. Namely, we consider the problem of coupled nonlinear Schrödinger equations given by
where V j 's satisfy
(1.13)
Then we have the following theorem on the existence of ground state solutions of the problem (1.12).
Then c ε,R N ,V 1 ,V 2 is attained and hence the problem (1.12) admits a ground state solution.
Our next theorem is to show the asymptotic behavior of these ground state solutions as follows:
hold. Then (i) c ε,R N ,V 1 ,V 2 is attained and the problem (1.12) admits a ground state solution (u ε , v ε ).
(ii) Let P ε and Q ε be the unique local maximum points of u ε and v ε respectively. Let
Theorem 1.3 can be extended to general bounded domains. Firstly, we set Ω as a bounded smooth domain and trapping potentials V j 's as constants λ j 's. Namely, we consider the following system
The asymptotic behavior of corresponding least energy solutions can be characterized by Theorem 1.4. For any β > √ µ 1 µ 2 and ε sufficiently small, the problem (1.17) has a least energy solution (u ε , v ε ). Let P ε and Q ε be the local maximum points of u ε and v ε , respectively. Then
which is a least-energy solution of (1.11), where
By Theorem 1.4, we may generalize Theorem 1.3 to bounded smooth domains. The main idea may follow the proof of Corollary 2.7 in [22] . Moreover, by the same arguments of Theorems 1.1-1.4, one may get similar results for the problem (1.5).
As µ 1 , µ 2 > 0, the assumption β < β 0 is essential in our previous works (cf. [20] - [22] ) for the existence and the asymptotic behaviors of ground state (least energy) solutions, where 0 < β 0 < √ µ 1 µ 2 is a small constant. For larger β's, results of ground and bound state solutions can be found in [1] , [3] , [33] and [34] . On the other hand, when the sign of µ j 's becomes negative i.e. µ 1 , µ 2 ≤ 0, the assumption of β's can be changed as β > √ µ 1 µ 2 which is sufficient to prove the existence and the asymptotic behaviors of ground state solutions (see Theorem 1.1-1.4). These are new results of two and three dimensional bright solitary wave solutions for negative µ j 's. Conventionally, there has been a vast literature on the study of concentration phenomena for single singularly perturbed nonlinear Schrödinger equations with attractive self-interaction. See [2] , [4] , [5] , [6] , [29] , [30] , [31] , [9] , [14] , [15] , [16] , [18] , [23] , [37] , [38] , [36] and the references therein. In particular, a good survey can be found in [26] and [27] . However, until now, there are only few papers working on systems of coupled nonlinear Schrödinger equations, especially for two and three dimensional Bose-Einstein condensates. This paper seems to be the first in showing rigorously that strong interspecies attraction may produce symbiotic bright solitons in two and three dimensional Bose-Einstein condensates even though self-interactions are repulsive.
The organization of this paper is as follows: In Section 2, we extend the classical Nehari's manifold approach to a system of semilinear elliptic equations in order to find a least energy solution to the problem (1.2). Hereafter, we need the condition β > √ µ 1 µ 2 for strong interspecies attraction. Using approximation argument and energy upper bound, we may show Theorem 1.1, 1.2 and Theorem 1.3 in Section 3 and 4, respectively. In Section 5, we follow the same ideas of [20] to complete the proof of Theorem 1.4. Throughout this paper, unless otherwise stated, the letter C will always denote various generic constants which are independent of ε, for ε sufficiently small. The constant σ ∈ (0, ) is a fixed small constant.
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We consider the following minimization problem
where N(ε, Ω, V 1 , V 2 ) and E ε,Ω,V 1 ,V 2 are defined in Section 1. Note that, for N ≤ 3, by the compactness of Sobolev embedding
and c ε,Ω,V 1 ,V 2 are well-defined. Now we want to show that Theorem 2.1. Let Ω be a smooth and bounded domain in R N , N ≤ 3. Suppose that β > √ µ 1 µ 2 . Then for ε sufficiently small, c ε,Ω,V 1 ,V 2 can be attained by some
2)
where C 1 , C 2 are two positive constants independent of ε and Ω.
We first note that if (u, v) ∈ N(ε, Ω, V 1 , V 2 ), then
Let (u n , v n ) be a minimizing sequence. Then by Sobolev embedding
, we see that u n → u ε , v n → v ε (up to a subsequence) for some functions
(Ω) and hence
By (2.4) and the weak lower semicontinuity of the H 1 norm, we have
and
Next we consider for t > 0,
Our first claim is
attains a unique maximum point t 0 , where
then the proof follows by simple calculations. We omit the details here.
By Claim 1 and proper choice of (u, v), it is easy to check that the Nehari manifold N(ε, Ω, V 1 , V 2 ) is nonempty. Our second claim is Claim 2. The inequalities of (2.2) hold if β > √ µ 1 µ 2 .
Proof. We first prove the upper bound of c ε,Ω,V 1 ,V 2 . Since β > √ µ 1 µ 2 , there exists α = 0 such that 2βα 2 + µ 1 α + µ 2 > 0. In fact, we may set α = − µ 2 µ 1 if µ j < 0, j = 1, 2. For ε sufficiently small, we choose a test function w such that support(w) ⊂ B ε (P ) where
Hence we obtain
where C is a positive constant independent of ε and Ω. Combining (2.9) with (2.3), we obtain that
For (2.10), we may rescale spatial variables by ε and apply the standard GagliardoNirenberg-Sobolev inequality in R N (cf. [11] ). Consequently,
where C 2 is a positive constant independent of ε and Ω. For lower bound estimates, the definition of the manifold N(ε, Ω,
for any (u, v) ∈ N(ε, Ω, V 1 , V 2 ). On the other hand, as for (2.11), we may rescale spatial variables by ε and apply the standard Gagliardo-Nirenberg-Sobolev inequality in R N (cf. [11] ) to derive
for any (u, v) ∈ N(ε, Ω, V 1 , V 2 ), and hence we obtain that for any (u, v) ∈ N(ε, Ω, 
Consequently, (2.6) and (2.13) may give
(2.14)
On the other hand,
15)
Since t 0 > 0, (2.15) and (2.16) imply that t 0 ≥ 1. Thus by (2.14), we obtain t 0 = 1 and
. Therefore, (u ε , v ε ) attains the minimum c ε,Ω,V 1 ,V 2 . Now we want to claim that (u ε , v ε ) is a nontrivial solution of (1.2). Since (u ε , v ε ) is an energy minimizer on the Nehari manifold N(ε, Ω, V 1 , V 2 ), there exists a Lagrange multiplier α such that
where
Acting (2.17) with (u ε , v ε ), and making use of the fact that (u ε , v ε ) ∈ N(ε, Ω, V 1 , V 2 ), we see that
Since (u ε , v ε ) ≡ (0, 0) and
and hence (u ε , v ε ) is a critical point of E ε,Ω,V 1 ,V 2 [u, v] and satisfies (1.2). By Hopf boundary Lemma, it is easy to show that u ε > 0 and v ε > 0. Therefore, we may complete the proof of this Lemma and Theorem 2.1.
Another useful characterization of c ε,Ω,V 1 ,V 2 is given as follows:
Proof. The last identity in (2.19) follows from simple calculations. To prove (2.19), we denote the right hand side of (2.19) by m ε . From Theorem 2.1, c ε,
On the other hand, fix u,
and hence c ε,Ω,V 1 ,V 2 ≤ m ε . Therefore, we may complete the proof of this Lemma.
3. Proofs of Theorem 1.1 and Theorem 1.2
In this section, we prove Theorem 1.1 and Theorem 1.2 by approximation argument. Fix a ball Ω = B k , where k is a large parameter tending to infinity. By Theorem 2.1, each c ε,B k ,V 1 ,V 2 is attained by (u k , v k ) a least energy solution of the following problem:
By examining the argument in the proof of Theorem 2.1, we may obtain the following estimates:
where C 1 and C 2 are positive constants independent of 0 < ε ≤ 1 and k ≥ 1. By the system (3.1) and (3.2), we may derive that
where C 3 is a positive constant independent of 0 < ε ≤ 1 and k ≥ 1. We may extend each u k and v k equal to 0 outside B k , respectively. Then (3.3) may give
where C 4 is a positive constant independent of 0 < ε ≤ 1 and k ≥ 1.
Now we study the asymptotic behavior of u k , v k as k → ∞. Due to (3.4), we obtain that as k → ∞, u k ⇀ū, v k ⇀v, whereū,v ≥ 0 andū,v ∈ H 1 (R N ). Moreover, the standard elliptic regularity theorem may give that (ū,v) is a solution of the system
Then we have the following lemma, whose proof is exactly same as those of Theorem 3.3 in [22] .
is a solution of (1.12) and attains c ε,
is a ground state solution of (1.12).
It remains to show thatū ≡ 0,v ≡ 0. Note that ifū ≡ 0, thenv satisfies
Due to µ 2 ≤ 0, it is obvious thatv ≡ 0. Therefore, we only need to exclude the case that
Then by the Maximum Principle and Moving Plane Method, both u k and v k are radially symmetric, strictly decreasing and satisfy
Here we have used the fact that λ j > 0, µ j ≤ 0 , j = 1, 2 and β > 0. Moreover, since the origin 0 is the maximum point of u k and v k , then ∆u k (0) , ∆v k (0) ≤ 0 and u k (0) , v k (0) > 0. Hence by (3.7), we have
Consequently, as k → +∞,
Here we have used the fact that µ j ≤ 0 and (
On the other hand, any minimizer of c 1,
(3.9)
Due to β > 0, the problem (3.9) is of cooperative systems. By the moving plane method (cf. [35] ), (U 0 , V 0 ) must be radially symmetric and strictly decreasing. This may complete the proof of Theorem 1.1.
To finish the proof of Theorem 1.2, we divide the proof into two cases as follows:
In this case, we note that
Consequently,
where C 5 , C 6 are independent of ε ≤ 1, k ≥ 1. This gives
(3.12)
By (3.2) and (3.12), we have
Thus if u k ⇀ u, then u ≥ 0 and
(3.14)
Due to b ∞ 1 = +∞, we may choose R large enough such that C 1 −
C 1 ε N and hence u ≡ 0.
TAI-CHIA LIN AND JUNCHENG WEI SYMBIOTIC SOLITONS IN COUPLED NLS
Let M and R be such that
Let χ R (x) be a smooth cut-off function such that χ R (x) = 1 for |x| ≤ R, χ R (x) = 0 for |x| ≥ 2R. Now we set
Then we have
Now we denote o(1) as the terms that approach zero as k → ∞. Thus we can write
Similarly,
Similarly, we have 
which yields
and then
which may contradict with (1.14). Therefore, we may complete the proof of Theorem 1.2.
Proof of Theorem 1.3
In this section, we study the asymptotic behavior of (u ε , v ε ) as ε → 0. Firstly, the energy upper bound is stated as follows:
Lemma 4.1. For β > 0 and 0 < ε << 1, ) and then use (2.19) to compute the upper bound of c ε,R N ,V 1 ,V 2 . Due to c ε,R N ,λ 1 ,λ 2 = ε N c 1,R N ,λ 1 ,λ 2 , the rest of the proof is simple and thus omitted.
Let u ε (P ε ) = sup Let U ε (y) = u ε (ε y), and C ε (y) = C(ε y). Then △ U ε + C ε (y) U ε ≥ 0 in R N , and C ε ∈ L 3 (R N ) . Since P ε is a local maximum point of u ε , then △u ε (P ε ) ≤ 0. Hence by the equation of u ε , we may obtain
which implies that Hence by (4.5), we may obtain V 0 (0) > 0, and then V 0 ≡ 0. This implies that
which contradicts with (4.1). Here we have used the hypothesis that b 
